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The nature of the process of energy transfer from a pulse network to the mass associated
with the propagating current sheet in a linear pinch discharge is studied experimentally and
analytically. The efficiency of this process is related to the ratios of pulse line impedance/
average discharge impedance, and current pulse duration/characteristic acceleration time.
Experiments in hydrogen, argon, krypton, and nitrogen at a common ambient mass density
and impedance ratios near unity yield efficiencies that exhibit the same qualitative variation
with these ratios as those predicted, but only the hydrogen data show good quantitative agree-
ment with the theoretical values. This failure of the theoretical model for the higher molecular
weight gases is traced to the existence of diffuse current patterns flowing in the region behind
the propagating current sheet, contrary to the theoretical “snowplow’’ assumption that all

of the current flows in a thin sheet.

I. Introduction

EALIZATION of the primary advantage of high specifie
impulse electric thruster systems—their capacity to de-
liver large payload fractions over high characteristic velocity
missions—is contingent on the efficient conversion of electrical
energy into thrust power. If this efficiency is low, the mass
of the required powerplant becomes excessive, and detracts
from the deliverable payload advantage of this class of pro-
pulsion system. The purpose of the work described in this
paper is to identify and examine certain factors affecting the
efficiency of conversion of electrical energy into thrust energy
for a particular type of electric thruster, the pulsed plasma
accelerator. Within the scope of this investigation, no
attempt has been made to deal with realistic space hardware,
or to optimize over-all system performance. Rather, the
effort has been confined to matching a particularly simple
and well-understood accelerating discharge, the large radius
linear pinch,! with a pulse power source of conveniently vari-
able characteristics, in this case a lumped element, low-
impedance pulse line.?

In most conventional power systems, optimum energy
transfer efficiency is achieved when the impedance of the
load is equal to that of the power source. For example,
consider the fransfer of energy from an ideal transmission
line, initially charged to a voltage Vo, to a resistance connected
across its terminals. The transmission line may be char-
acterized by an impedance, Zr = (L'/C)Y%, and a pulse
duration, 7 = 2[(L'C")Y/2, where L’ is the inductanee per
unit length and €’ the capacitance per unit length of a line
of total length 1.3 For Z; > R, current oscillates back and
forth through the load, and several characteristic times are
required to achieve substantial energy transfer to the load.
For Z1 < R, charge is only incompletely removed from the
line in the first pulse increment, and several additional wave
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reflections from the line terminals are needed to complete the
energy transfer. Only in the matched case, Z; = R, is all
of the energy ‘initially stored in the transmission line trans-
ferred to the resistor in one pulse time 7.

If the simple resistive 16ad is replaced by a pulsed plasma
accelerator, one might similarly expect optimum energy
transfer when the discharge tmpedance is equal to the driving
line impedance, provided also that the pulse duration is
properly matched to some characteristic acceleration time.
However, the impedance implicit in the dynamical develop-
ment of a gas accelerating discharge is not adequately rep-
resented by an equivalent resistance, and this complication
reflects itself into substantial distortion of the simple im-
pedance match criterion.

II. Theoretical Analysis

A pulsed plasma accelerator functions by establishing a
narrow, intense current sheet which is driven by its self-
magnetic field to accumulate ambient gas it overruns. The
dynamics of the current sheet motion can be most simply
described by a “snowplow” relation* which expresses a

‘balance between the j X B-body force and the time rate of

change of momentum associated with the accumulation and
acceleration of mass on the current sheet. For example, the
equation in linear pinch geometry (Fig. 1) takes the form

r(d/d)[(r* — r2)dr/dt] = — pol%/4m%p M)

where uo is the permeability of free space, I is the total current
flowing through the discharge chamber, and p is the ambient
gas density in the discharge chamber of radius 7. The
radius of the cylindrical current sheet, r,.through which I is
assumed to flow, also defines an inductance of the discharge
through the relation® :

Lp = (uoh/2m) In(re/r) @
The voltage drop across the discharge is given by
Ver = IRp + d¢/dt = IRp + (d/dt)(ILp) (3)

where Rp is the resistance of the discharge, ¢ is the magnetic
flux linked by the discharge, and Lp is the inductance de-
fined by Eq. (2).
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In these experiments, as in most operative thrusters, the
circuit also contains a switch, which to a good approximation
may be represented as a fixed resistance and inductance,
R, and L,. The switch and discharge chamber comprise
the total load driven by the pulse line, and the voltage across
this load may therefore be written

Ve = (Bp + BRI + L.dl/dt 4 (d/dt)y(Lnl) 4)

The pulse line power source may be described by Kirchoff’s
equations applied to each loop and node in the pulse network
(Fig. 2)

dQl/ dt = I 1 — I
C.lQi/dt = I; — I} (n equations) (5)
AQu/dt = I,y

and
di/dt = (Ve — @/C)/L

dlJdt = (Qis: — Q)/LC } (n equations) (6

A aes/dt = (Qn — Qu)/LC

where @; represents the electrical charge on the ¢th capacitor.
This » station LC ladder network may also be described by
a nominal line impedance and a pulse duration corresponding
to those given for the ideal transmission line}® ie., Z, =
(L/CYY2 and 7 = 2n(LC)Y2.

Equations (1, 2, 4, 5, and 6) are 2n + 3 equations in
2n + 3 dependent variables (n pulse line currents, n pulse
line capacitor charges, Vr, r, and Lp) and the independent
variable time which deseribe the behavior of the pinch dis-
charge pulse line system. They have been solved here on
the digital computer using a Runge-Kutta technique. Figure
3 shows current and voltage waveforms and the current sheet
trajectory computed for a set of input parameters typical
of those prevailing in the experiments. Figure 3a shows the
total current flowing through the switeh and pinch chamber
as a function of time, compared with that for an ideal pulse
line discharged through a matched resistance. The time
7.; shown on all of the ordinates of Fig. 3 is the characteristic
time over which the acceleration of the current sheet occurs.
In an actual thruster 7.; would be the time of ejection of the
plasma, determined by the length of the thruster, but for
the closed chamber geometry considered here the plasma
is considered “‘ejected’” when the sheet reaches a 1-in. radius.
One inch was selected because accurate experimental investi-
gation is difficult at lesser radii and yet the acceleration pro-
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Fig. 1 Pinch discharge configuration.
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Fig. 2 Schematic of pulse line-accelerator system.

cess should be allowed to oceur over as large a distance as
possible in order to prevent the initiation effects from dom-
inating the behavior of the system. Figure 3b shows the
voltage across the end of the pulse line (i.e., across the switch
and discharge chamber) as a function of time compared with
the corresponding matched impedance voltage waveform
for a purely resistive load.

The evident distortions of the current and voltage wave-
forms from the idealized case can be assigned to the following
causes.

1) The initial inductance associated with the switch and
discharge configuration constrains the current to a finite rise
time.

2) Unlike the constant resistive load, the “‘impedance”
of the discharge varies with time, has both resistive and
reactive components, and is a function of both the discharge
and the power source characteristics. The concept of an
impedance, as such, is thus somewhat artificial in this situa-
tion, but may still be used to denote the instantaneous
ratio of the voltage across the discharge chamber [Eq. (3)]
to the discharge current:

Zp = Ven/I = Rp ~+ dLp/dt + (Lp/I)dl/dt Q)

Since the plasma resistance is small and the current pulses
are nearly flattopped, the second term dominates this ex-
pression, yielding, from Fq. (2),

Zp ~ dLp/dt = (uoh/2mr)dr/dt ®)

The current sheet trajectory of Fig. 3¢ shows an increasing
velocity with decreasing radius, both of which contribute
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Fig.4 Effect of pulse length and impedance on efficiency.

to an impedance that increases with time. This effect causes
the voltage to rise and current to drop once the initial rise
time has elapsed.

3) Since the inductance of the discharge, which is small
initially, increases to a relatively large value as the dis-
charge proceeds, a considerable amount of energy is stored
in the magnetic field of the discharge at the time the pulse
begins to decay. This causes the current to continue to flow
after the voltage across the discharge chamber reverses.
If the characteristic ejection time, 7.;, is long compared to
the pulse length, 7, the energy stored in this field will be
transferred, in part at least, back into the pulse network
and will later produce a negative current through the dis-
charge chamber. Even under conditions where the average
impedance of the discharge is much greater than that of the
line, the negative current is predicted. In such cases the
current pulse is protracted far beyond the pulse duration
time, 7, somewhat similar to the stepwise decay of an over-
damped resistive load, but the large inductive effects even-
tually force sufficient negative voltage onto the pulse line to
cause the current reversal.

The analysis used to obtain the current and voltage also
yields the distribution of energy in the pulse network, switch,
and discharge chamber. This energy may appear in the fol-
lowing forms:

1) Energy stored capacitively in the electric fields and
inductively in the magnetic fields of the pulse network.

2) Energy stored inductively in the magnetic field associ-
ated with the switch discharge.

3) Energy stored inductively in the magnetic field of the
main discharge.

4) Kinetic energy of the mass accumulated on the propa-
gating current sheet. In the spirit of this study, it is this
organized streaming motion of the propellant mass which
represents the thrust energy of the accelerator, and is the
component to be optimized.

5). Energy invested in ionization, dissociation, excitation,
and random thermal modes of the plasma. Energy input
of this category can enter the theoretical model via the fol-
lowing two mechanisms: a) the resistive heating input due
to the plasma resistance Rp, and b) the gasdynamic loss
associated with acceleration of particles initially at rest to
the current sheet velocity as a result of collisions with par-
ticles already collected. This loss, which is required to sat-
isfy energy conservation under the constraint of momentum
conservation as expressed by the snowplow equation, is dis-
cussed in Ref. 6. :

6) Thermal energy deposition in the switch plasma.

Although ‘it is quite possible that thermal energy in the
accelerated plasma may be converted into. thrust -energy,
the efficiency of the pulsed plasma accelerator is. defined
conservatively ‘here as. thé ratio of .the. organized kinetic
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energy measured at the characteristic ejection time, KZ.;, to
the initial energy stored in the pulseline, Eo. The efficiency
so defined is found to be a function of both the relative im-
pedance match between the line and the load, and of the
relative magnitudes of the pulse duration 7 and the ejection
time 7.;,. For example, variation of the pulse duration by
changing the number of stations in the pulse line while hold-
ing the line impedance constant (Zr = 11.3 mQ) results in
the efficiency curve shown in Fig. 4 as a dotted line. The
quantity Z, shown as a parameter is an average discharge
impedance calculated using Eq. (8) and the sheet velocity at
midradius. The time average of the impedance is approxi-
mately equal to the impedance at this radius, except for
very short pulse durations, 7/7.; < 0.5, which are outside
the range of primary interest.

For current pulse lengths substantially less than the
pulse length producing peak efficiency at this impedance,
the magnitude of the current is less than the maximum value
over a large fraction of the acceleration time and hence the
current sheet accelerates less vigorously and a proportionately
smaller fraction of the initial line energy is transferred into
kinetic energy of the sheet. As the pulse length is increased
the current remains high for a larger fraction of the accelera-
tion time and the current sheet acquires a larger fraction of
the initial energy. Increases in pulse length beyond the
optimum value result in a decrease in efficiency because a
considerable fraction of the initial line energy remains in the
pulse line and in magnetic fields associated with the switch
and the discharge at 7.;.

For very short pulse lengths, the current waveform may go
through two or more half cycles before 7.;, and the efficiency
will go through corresponding local maxima and minima.
This analysis is not extended to the very short pulses pro-
ducing these subsequent maxima because the theoretical
model used here is known to break down when current re-
versal oceurs because of the generation of secondary current
sheets.

If one allows both the pulse length and the characteristic
impedance of the pulse line to vary, the complete series of
curves shown in Fig. 4 is obtained. These curves show that
the pulse duration corresponding to the peak efficiency de-
creases with the characteristic line impedance. Of primary
interest, however, is the locus of the maxima of the set of
curves, shown in Fig. 5 as a function of the driving line im-~
pedance. Also plotted for comparison is the efficiency of
energy transfer from a transmission line to a pure resistance
within a time equal to the pulse duration of the line.

Note that whereas the maximum efficiency for the resistive
load is achieved when the impedance of the line is equal to
the resistance of the load, the efficiency of transfer to ‘the
pinch discharge load shows no such maximum as a function
of driving line impedance. Rather there is a monotonic in-
crease of efficiency with reduction of Zj;. This effect is
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attributable to the more vigorously accelerating current
sheets produced by the lower impedance, higher current
sources. Rapidly accelerating sheets are known to sustain
less energy loss to thermal modes as a result of gasdynamic
effects,® and this gain more than balances the electrical in-
efficiency associated with the increasing impedance mis-
mateh. The large difference in magnitude of the two curves
of Fig. 5 is due primarily to the method of defining efficiency
for the accelerator, and may be somewhat misleading. Much
of the energy not transferred to directed kinetic motion of
the plasma has been deposited in it in thermal form so that,
in this sense, a major portion of the initial line energy has
been delivered to the ‘load.” In addition, no effort has
been made here to optimize the efficiency through selection
of the discharge and switch characteristics; rather the calcu-
lations presented are those corresponding to the experimental
conditions encountéred in the laboratory equipment. In
this equipment the losses in the switch are quite large, and
they account for a significant reduction in the magnitude
of the efficiency.

II1. Experimental Behavior

In order to verify the mathematical description and char-
acteristic properties of the pulse line without the complica-
tion of the pinch discharge, typical pulse line configurations
were discharged through a resistor capable of withstanding
the high currents and voltages produced when such a line is
discharged from 10 kv. The mathematical model described
in the preceding section was modified by substituting a re-
sistance and fixed inductance for the equations deseribing
the dynamics of the discharge. The extent of the agree-
ment between the mathematical model and the actual pulse
line is shown in Fig. 6. The waveforms differ from the ideal
squarewaves observed when a transmission line is discharged
through a resistor, first because this line has lumped elements,
rather than distributed parameters, and second because the
included inductance associated with the resistor and switch
restrain the rate of rise and decay of the current at the
beginning and end of the pulse.

The measured capacitance and inductance of the average
unit used in these experiments are 6.35 £ 0.05 uf and 7.5 &=
0.4 nh.f They are designed to permit low-inductance
connection of adjacent units thereby facilitating variation
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Fig. 7 Typical capacitor eonfiguration.

of the pulse duration and the characteristic line impedance.
Pulse duration is varied by changing the number of stations

in a line of capacitors (i.e., the number of units connected

in tandem). Line impedance is varied by changing the
number of these lines connected in parallel across the dis-
charge chamber. Figure 7 shows a typical configuration
with 12 of the units arranged around the discharge chamber
to produce a pulse three times the length (three units in
tandem) and one-fourth the impedance (four lines of units in
parallel) of the single unit pulse.

Experimental evaluation of the efficiency (KE.;/E,) re-
quires the determination of organized kinetic motion of the
current sheet mass, in ratio to the initial line energy, which
is one-half the product of charging voltage squared and total
capacitance. Since direct measurement of the energy in
organized kinetic motion of the current sheet is not feasible
in a closed discharge chamber, this determination is based on
the assumption that all of the mass the current sheet en-
counters is collected and accelerated, i.e., that the snowplow
model is a valid representation of the physical process.
This reduces the problem to measurement of the velocity of
the mass associated with the current sheet. York,” who has
developed a new fast response pressure probe, has found that
the arrival of the current sheet, sensed by a magnetic field
probe, precedes very slightly the arrival of the associated
mass motion, sensed by the pressure probe, but that this
separation remains essentially constant over most of the
trajectory. In view of this correlation, the physically
smaller and simpler magnetic field probes were used to de-
termine current sheet velocities and these are assumed to
be the same as those of the mass trajectories. Probes were
located along a common radius because errors in the measure-
ment of current sheet velocity associated with probing in the
wake of another probe were found to be far less than those
due to azimuthal current sheet irregularities over sufficient
angular separation to keep probes out of each other’s wake.

The experimental measurements discussed previously have
been made in argon at an ambient density of 2.2 X 10~¢
kg/m? and Vo = 10.5 kv for various pulse durations and
pulse line impedances, and efficiencies based on these measure-
ments are presented in Fig. 9. The corresponding theoretical
curves are shown in Fig. 8. The points on the theoretical
curves correspond to data points similarly located on the
experimental curves.

Although the snowplow model used in the theoretical
calculations requires only the gas density as an input, it
may be that other gas properties such as ionization potential,
molecular weight, or eonduetivity play an important role in
the acceleration process under the efficient energy transfer
conditions at which these experiments were performed. In
order to investigate possible effects due to gas properties,
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measurements were also made in nitrogen, krypton, and hy-
drogen. These measurements were made at the same ambient
mass density as those in argon, and therefore the efficiency
curves presented in Figs. 10, 11, and 12 should also eorre-
spond to the theoretical curves of Fig. 8.

The following qualitative agreements between the experi-
mental and theoretical results can be identified: 1) for a
line of a given impedance there is one length of line which
gives an optimum efficiency, and 2) as the impedance of the
pulse line is decreased the corresponding optimum pulse
length for the line also decreases.

The following differences between the theoretical and ex-
perimental results obtained in argon, nitrogen, and krypton
are, however, also apparent: 1) rather than showing the
theoretically predicted increasing optimum efficiency with
decreasing pulse line impedance, the experimental curves
show a leveling of this locus of the efficiency maxima near an
impedance ratio of one; 2) the optimum pulse lengths for
lines of given impedance are lower than the corresponding
_theoretical values; 3) because the experimental velocities
are somewhat- lower than the ealeulated values, impedance
ratios Z1/Z, specified on the experimental curves are higher
than those on the corresponding theoretical curves; 4) the
magnitudes of the measured efficiencies are significantly less
than those predicted theoretically.

The hydrogen data of Fig. 12, unlike those of the other
gases, show good agreement in both magnitude and qualita-
tive behavior with the theoretical results. The improved
correlation reflects the fact that current sheet veloeities mea-
sured in hydrogen correspond much more closely to the theo-
retical velocities than the velocities measured in the heavier
test gases. The greater experimental scatter in the hydrogen
data occurs because dB/df peaks used to determine current
sheet velocities are not as reproducible or as well defined in
hydrogen as they are in the other test gases.

The discrepancies between theoretically predicted and
measured velocities in the heavier gases which result in the
lower experimental efficiencies can be assigned to a failure
of all of the current flowing through the discharge chamber
to coneentrate in a thin sheet as the snowplow model assumes.
Any current which flows in the region behind the advancing
current sheet reduces the inductance [Eq. (2)] and the im-
pedance [Eq. (8)] of the discharge, thereby predicating a
lower velocity sheet. Evidence that the current flowing in
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the discharge chamber is not confined to a thin sheet can be
presented in the form of discharge chamber current and
voltage oscillograms obtained in hydrogen and argon, com-
pared with the corresponding theoretically predicted wave-
forms (Fig. 13). The theoretical curves of Fig. 13a display
the increase of discharge impedance with current sheet prog-
ress which forces the current magnitude to decrease and the
discharge chamber voltage to rise after the initial character-
istic current rise time. The experimental waveforms ob-
tained in hydrogen (Fig. 13b) exhibit this same type of be-
havior, but the corresponding waveforms obtained in argon
(Fig. 13¢) show the discharge chamber voltage decaying and
the current continuing to rise at a lesser rate, long after the
characteristic rise time. Such behavior can exist only if the
net discharge impedance is decreasing. Since measured
trajectories show the current sheet is accelerating inward dur-
ing this period (increasing impedance), parallel current
paths must exist which cause the decrease in net impedance
observed in the argon waveforms.

This effect may be-illustrated more directly by rewriting
Eqgs. (2) and (3)-intheform o .

Loty = ([} Weu®) — 10R1E[10)  ®

r(t) = roexp — [20Lo(t)/ poh] (10)

and applying them to the voltage and current data of Fig.
13, together with the measured resistance of the discharge
(Rp = 107* ohms), to obtain first the net inductance seen
by the pulse line and then the trajectory of the mean current
flowing in the discharge chamber which corresponds to this
net inductance. These trajectories, which are shown in
Figs. 14b and 14c for hydrogen and argon are labeled “mean
current.” The trajectory of the high-current density sheet,
on the other hand, is determined experimentally by sensing
the time of arrival of the peak of current density with a
magnetic probe and is shown in Figs. 14b and 14¢ as “dB/dt
trajectory.” For the ideal snowplow model the mean current
and peak current density trajectories are clearly identical
(Fig. 14a) and for the hydrogen data they show a close cor-
respondence, but for the typical argon discharge the mean
current trajectory lags behind the trajectory of the maximum
current density. This implies that the experimental induc-
tance and time derivative of inductance are less than the
ideal snowplow model predicts and thus that the discrepancy
between the theoretical and experimental efficiency is due
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to the failure of the model to account for the diffuse current
pattern set up in the discharge chamber behind the propa-
gating high-current density sheet. Additional evidence for
the existence of a diffuse current pattern can be found in the
magnetic probe records, but quantitative interpretation of
these records is difficult because the probes produce local
perturbations in the magnitude of the magnetic field under
near impedance match conditions.

IV. Summary

The efficiency of energy transfer from a current pulse net-
work into organized motion of the mass associated with the
propagating current sheet of a pulsed plasma accelerator has
been studied theoretically and experimentally. The theory,
which is based on a “snowplow” model, predicts maximum
efficiency when the current sheet is driven by a pulse line
that 1) has an impedance significantly below the average
discharge impedance and 2) produces a pulse that exhibits
current reversal near the time when the mass would be ex-
pelled from the accelerator. The experimental results sug-
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gest the optimum efficiency will be realized when the line
impedance is near the discharge impedance, but otherwise
confirm the predicted qualitative variation of efficiency with
pulse line impedance and pulse duration. The magnitudes
of efficiencies in argon, krypton, and nitrogen are observed to
be considerably less than the theoretical values, and these
quantitative diserepancies have been related to the failure of
the snowplow model to account for a fraction of the current
which does not flow through the propagating high-current
density sheet., Hydrogen data that correlate more closely
with the theoretical results manifest a larger fraction of the
current flow through the sheet.
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